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1. The fundamental duality theorem due to Hicks ([6], Ch. XII and XIII) 
has been a key theorem in equilibrium analysis and planning problems. The 
proposition was extended by Bruno [1] to a Leontief-type model, and a 
further generalization was made by Burmeister-Kuga [2] for a von Neumann-
type model. Nuti [10] has also obtained a theorem of similar nature in a 
neo-Austrian model. Fujimoto [ 4] presented a duality relation in a general 
von Neumann model, and then in [5] showed it again allowing for consumers' 
choice. 
Duality between the optimal transformation frontier (OTF) and the 
minimum real-wage frontier (Min. WF) has caused a certain trouble since 
the minimum real wage has little relevance for the choice of techniques 
in a competitive situation. With the aid of Samuelson, Burmeister-Kuga 
[2] tried to clarify the correct economic interpretation of Min. WF, but 
their interpretation is valid only for a Leontief-type model (See [2], p. 
12). Thus, their augument concerning the Golden Rule of Accumulation is 
not quite right for the general joint-production case ([2], p. 15). 
It seems that the maximum real-wage frontier (Max. WF) is to be 
newly defined, taking into account not merely the constraints on the price 
side but also those on the quantity side. Thus this note is to supplement 
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the discussions in [2, 4, 5]. The same notation and assumptions as in [ 4,
5] will be employed in the below. Among them, an important assumption 
is that workers have an identical taste, with the common utility function 
denoted by u(C), where C is a basket of consumption goods. In the section 
2, we do not need the homotheticity of u(C), while in the section 3 the 
implication of assuming homotheticity is explained. 
2. Now we redefine the OTF as follows: 
maximize u(C) subject to 
Bx~(l+g)Ax+C, 
Lx~l, 
x, c~o. 
・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・(1)
The above constraints require that the production level should sustain the 
economic growth at the rate of g, while bringing forth the surplus (the 
final demand) C and that the employment should be smaller than the unit 
of labour power, say, one man-year. Note that the concept of OTF thus 
defined is independent of price relations. 
Then, let the maximum real-wage frontier (Max. WF) be defined as 
follows: 
maximize u(C) subject to 
釦~(l+g)Ax+C,1 
Lx三1, l‘ ・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・・(1)
x,C~O, 
鱈 l+r)PA+L,
PBx= （1+g)PAx+PC,（the rule of free goods)，l…………(2) 
pBx= (1 +r)PAx+Lx, (the rule of profitability), 
Pこ0.
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The maximand and the first half of constraints (1) are the same to those for 
the OTF. The first inequality in the set of co:i.straints (2) above means 
that prices are to be set so that no process can earn more than normal 
profits. As for the two rules expresゞelby two equations in the set (2), 
refer for detail explanation to [3, 8]. 
Therefore, the Max. WF  appears very near to the concept of competitive 
equilibrium. Indeed, the Max. WF  represents the real wage level which 
can be obtained in some equilibrium with the rate of growth and the rate 
of profit being given. The concept of Max. WF  cannot be independent of 
the output side constraints. For, a real wage level for which the corres-
ponding consumption level cannot physically be guaranteed is meaningless for 
workers. 
Now, let the OTF be expressed by a function h(g) and similarly the 
Max. WF  by a function m(g, r). It is not difficult to see that h(g)~m(g,r) 
for any g, r so far as the functions are meaningful. Given some reasonable 
assumptions, we can show that h(g) =m(g, g). For example, if the Slater 
Jondition (See, e. g. [7]), which is reasonable, is satisfied for our technology 
and h(g) exists for some g and there is no satiation point (i. e., positive 
marginal utility for any amount of consumption goods), then h(g) =m(g, g). 
In fact, the latter half of constraints (2) in the definition of Max. WF  will 
+urn out to be the Kuhn-Tucker conditions for an optimal solution, with 
the price vector, p, being the Lagrange multipliers vector. Thus, associated 
with the real wage level h(g), there always exists a competitive equilibrium 
whose profit rate is also g. 
3. Now we discuss about the implication of homotheticity of u(C). Once 
the homotheticity is assumed, it is easily seen that the OTF as defined in 
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[5] becomes the same thing defined in this note. Moreover, the Min. WF  
may be defined as in [5], which is denoted by a function k(r).. As the 
result of [5], we know that h(g) =:=k(g). Consequently, we have m(g, g) 
=k(g). This says that the minimum.real wage rate is equal to the maxi-
mum one. Reflecting their respective definitions, this result should not be 
surprising. On the contrary, this explains why we can utilize the duality 
relation in order to prove the uniqueness of growth equilibrium in [ 4,9] 
(though Morishima's approach in [9] is different from ours). For, where the 
minimum level coincides with the maximum one, there can be only one level. 
The final remark is concerned with the Golden Rule. That is, when 
r = g in a. competitive economy, chosen are techniques which potentially 
maximize the level of consumption per capita. This is not because of the 
duality between the OTF and the Min. WF, but because of that between 
the OTF and Max.WF. 
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